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Abstract. This paper investigates various aspects of the discrete-time ex- 
ponential utility maximization problem, where feasible consumption policies 
are not permitted to be negative. By using the Kuhn- Tucker theorem, some 
ideas from convex analysis and the notion of aggregate state price density, we 
provide a solution to this problem, in the setting of both complete and incom- 
plete markets (with random endowments). Then, we exploit this result and use 
certain fixed-point techniques to provide an explicit characterization of a het- 
erogeneous equilibrium in a complete market setting. Moreover, we construct 
concrete examples of models admitting multiple (including infinitely many) 
equilibria. By using Cramer's large deviation theorem, we study the asymp- 
totic behavior of endogenously determined in equilibrium prices of zero coupon 
bonds. Lastly, we show that for incomplete markets, un-insurable future in- 
come reduces the current consumption level, thus confirming the presence of 
the precautionary savings motive in our model. 



1. Introduction 

Utility maximization in the setting of decision making under uncertainty is a cen- 
tral topic both in mathematical finance and financial economics. The most preva- 
lent class of preferences which has been extensively studied by numerous researchers 
over many decades is the so-called class of HARA (hyperbolic absolute risk-aversion) 
utility functions. HARA preferences are commonly split into two primary sub- 
classes: CRRA (constant relative risk-aversion) preferences, which are also referred 
to as power utility functions; and CARA (constant absolute risk-aversion) prefer- 
ences, which are known as exponential utilities. This paper concentrates on the 
latter type of preferences. Exponential preferences are widely used when dealing 
with indifference pricing (see e.g. Frei and Schweizer (2008), Henderson (2009), 
and Frei et. al. (2011)); incomplete markets with portfolio constraints (e.g. Svens- 
son and Werner (1993)); and asset pricing in equilibrium (see Christensen et. al. 
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(2011a, b)). We investigate various aspects of the discrete-time exponential util- 
ity maximization problem from consumption, where a significant and quite novel 
dimension introduced here (when comparing to other papers dealing with CARA 
preferences and consumption) is the constraint that feasible consumption policies 
are not permitted to be negative. 

An essential drawback challenging the classical paradigm of exponential utility 
is the fact that negative consumption policies are included in the set of feasible 
controls (see Caballero (1990), Christensen et. al. (2011a, b), and Svensson and 
Werner (1993)). Economically, and intuitively, this is a vague assumption which 
cannot be reasonably justified, but is rather made to allow a simplified frame- 
work when solving analytically the corresponding problem. Namely, consumption 
of goods over a life-cycle cannot be apparently measured in negative units, since it 
models unrealistic situations when for instance one is capable of consuming a nega- 
tive amount of bread. However, mathematically, exponential preferences often tend 
to extinguish some complicated affects (e.g., the indifference price is independent 
of the size of the wealth) caused by random shocks, and thus substantially ease the 
associated problems. Even though some seminal works rely on this negativity con- 
vention, many authors are aware of this problematic issue, for example, Caballero 
(1990) writes: 

"This paper specializes to this type of preferences (exponential) in spite of some 
of its unpleasant features like the possibility of negative consumption. (Unfor- 
tunately, explicitly imposing non-negativity constraints impedes finding a tractable 
solution.)" 

Nonetheless, it is demonstrated in the current paper that it makes a practical 
sense to impose these non-negativity constraints: not only that it genuinely refines 
the model, but it allows us finding the related solution in a closed form and employ 
it then for a variety of economic applications. 

We explain now in more detail the contributions of this work and the links it 
has to some other related papers. First, by using some ideas from convex analysis, 
we solve the constrained exponential utility maximization problem in a complete 
market setting, with an arbitrary probability space. We show that the solution is 
equal to the non-negative part of the solution associated with the unconstrained 
problem (ass also Cox and Huang (1989), for a related problem in a continuous-time 
framework). Next, we use the Kuhn- Tucker theorem to solve the preceding maxi- 
mization problem in a setting of incomplete markets, with a finite probability space, 
and express the solution in terms of the aggregate state price density introduced 
by Malamud and Trubowitz (2007). In particular, we show that the transparent 
relation between the constrained and unconstrained solution in complete markets 
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setting is violated for incomplete markets. Then, we turn to analyzing heteroge- 
neous equilibria in the framework of complete markets. There is a vast body of 
literature studying equilibrium asset prices with heterogeneous investors (see e.g. 
Mas-Colell (1986), Karatzas et. al. (1990, 1991), Dana (1993a, 1993b), Constan- 
tinides and DufBe (1996), Malamud (2008)). Biihlmann (1980) was apparently the 
first one to write down the formulas in a one period risk-exchange economy with 
exponential preferences, and negative consumption. We express the equilibrium 
state price density as a 'non-smooth' sum over indicators depending on the agents' 
characteristics and the total endowment of the economy. In affect, our finding is 
one of very few examples when one can characterize in a closed-form manner the 
associated state price density in heterogeneous economies. A further issue that we 
sort out here is the existence of equilibrium (this is a quite standard chronological 
order in equilibrium: first a characterization result, and then existence), by em- 
ploying a fixed-point argument involving the excess-demand function in the spirit 
of Mas-Collel et. al. (1995). Some other authors have studied various equilibrium 
existence problems in a bit different settings: Dana's papers (1993a, b) do not cover 
multi-period models and Karatzas et. al. (1990, 1991) work in continuous-time. 
Hence, we provide a self-contained proof that takes advantage of our underlying 
exponential preferences. Next, we turn treating the issue of non-uniqueness of 
equilibria. Non-uniqueness is usually anticipated in this type of models: it is re- 
sulted by the fact that the Inada condition is not fulfilled, which in turn leads to the 
associated excess-demand function not to satisfy the 'gross-substitution' property 
of Dana (1993a), that would guarantee uniqueness. However, we are not aware of 
any papers (apart from Malamud and Trubowitz (2006)) that construct an explicit 
example as ours of multiple equilibrium state price densities in a risk-exchange 
economy. We concentrate then on studying the important question of long-run 
behavior (see e.g. Wang (1996), Lengwiler (2005), and Malamud (2008)) of zero 
coupon bonds, whose price is determined endogenously in equilibrium. Despite of 
the non-uniqueness of the state price densities, modulo some multipliers, we show 
that asymptotically these multipliers carry no impact. We conduct our analysis in 
two settings: first we consider economies where agents differ with respect to their 
risk-aversion and then economies where agents differ only with respect to their im- 
patience rate. The main tool we use for the preceding problems is Cramer's large 
deviation theorem. Finally, we are concerned with the phenomenon of precaution- 
ary savings (see Kimball (1990) for a comprehensive introduction) in incomplete 
markets and exponential preferences. That is, we verify that un-insurable future in- 
come forces an investor to save more (or equivalently, consume less) in the present. 
We examine this phenomenon in rather enriched stochastic frameworks of incom- 
plete markets (markets of type C, see Malamud and Trubowitz (2007)), whereas 



4 



R. Muraviov and M. V. Wiithrich 



most classical papers on this subject (see e.g. Dreze and Modigliani (1972) and 
Miller (1976)) consider mainly riskless bonds. 

The paper is organized as follows. In Section 2 we introduce the model. In 
Section 3 we establish a solution to the exponential utility maximization problem 
with a non-negativity constraint in both complete and incomplete markets. Section 
4 analyzes the associated heterogeneous equilibrium for complete markets, and 
Section 5 deals with the non-uniqueness of this equilibrium. In Section 6 we study 
the long-run behavior of the equilibrium zero coupon bonds. Finally, in Section 7 
we study the precautionary savings motive in incomplete markets. 



We consider a discrete-time market with a maturity date T. In Sections 2-5 and 
Section 7, we set T £ N, and in Section 6, T = oo. The uncertainty in our model is 
captured by a probability space (O, J 7 , P) and a filtration F = {(j), Q} C T\ C ... C 
Tt = J 7 - Adaptedness and predictability of stochastic processes is always meant 
with respect to the filtration (J 7 k)k=o,...,T, unless otherwise stated. We use the 
notation R+ = [0, oo) and IR.++ = (0, oo). There is no-arbitrage in the market which 
consists of n risky stocks: {S ] k )k=o,...,T, j — l,...,n and one riskless bond paying 
an interest-rate r^, at each period k = 1, ...,T. Each price process (S 3 k )k=o,...,T is 
non-negative and adapted, and the interest rate process (rk)k=i,...,T is non-negative 
and predictable. The economy is inhabited by N (types of) individuals, labeled by 
i = 1, N. Each agent i receives a random income {e\)k=o,...,T, which is assumed to 
be non-negative and adapted. The preferences of each agent i are characterized by 
an impatience rate pi > and an exponential utility function Ui(x) — — exp(— 7^2;), 
defined on R + , for a given level of risk aversion 7^ > 0. The underlying utility 
maximization problem from consumption of each agent i is formulated as 



where (ck)k=o,...,T is a consumption stream lying in a certain set of budget con- 
straints Bi. As described below, we will tackle problem (|2.1j) in both complete and 
incomplete markets, under different assumptions on the model and the budget set 
Bi. However, we will preserve the same notations as above for both settings without 
mentioning it explicitly. 

2.1. Complete markets. When dealing with complete markets, the probability 
space is allowed to be infinite^. The budget set Bi in this setting consists of all 
non-negative adapted processes that satisfy the equation 
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t 



(2.1) 



sup 

(c ,...,c T )eBi 




T 



T 



(2.2) 




Therefore, the amount of securities completing the market might be infinite as well. 



Exponential Utility with Non-Negative Consumption 



5 



Here, (£&)fc=o,...,T is the unique positive and normalized (£o = 1) state price density 
(SPD) of the market, i.e., 



S k £k - E 



S k+1 £,k+i \Fk 



3 = 1, 



and 



£ fe = E[i k+1 {l + r k+l )\F k ], 

for k = 0, ...,T — 1. Let us stress that the completeness of the market implies 
that stock prices are not directly involved in the corresponding utility maximiza- 
tion problem (|2.1[) . We introduce now the standard notion of equilibrium in the 
framework of complete markets and risk exchange economics. 

Definition 2.1. An equilibrium is a pair of processes (c k )k=o,...,T;i=i,...,N and 
(£,k)k=i,...,T such that: 

(a) The process (£fc)fc=i,...,T is a SPD and (c k ) k= Q j- is the optimal consumption 
stream of each agent i (i.e., solving \2.1\ )). 

(b) The market clearing condition holds: 

N N 

(2.3) E c * = e * : =E^ 



c fc> 

i=l 



for all k = 0, T . 



2.2. Incomplete markets. We assume that the probability space is finite. Thus 
incompleteness of markets is modeled standardly by allowing infinitely many SPDs. 
For each k = 0, T, we denote by L 2 (T k ) the Hilbert space of all J^— measurable 
random variables, endowed with the inner product (X.Y) = B[XY], X, Y g 
L 2 (jF k ). Each agent i selects a portfolio strategy ("x 3 k )k=o,...,T-i, j = n, and 
(</>fc)fc=o,...,T-i- Here, ir k and <f> k are ^—measurable and denote the shares invested 
in asset j and the riskless bond at period k, respectively. We set further tt :i _ 1 = 0, 
j = 1, 0_i = 0, -nip = 0, j = 1, ...,n and 4>t = 0. The last two assumptions 
formalize the convention that no trading is executed in the last period T. For each 
k = 1, T, we denote by 



Ck = { z2' !r l-i S k + ^fc-il 1 + r k) 



-i,7Tfe_i G L 2 {Fk-x) ,j = l,...,n 



the wealth space at time fc, and remark that L 2 (J- k -i) C £ k C L 2 (J- k ). By 
Lemma 2.5 in Malamud and Trubowitz (2007) there exists a unique normalized 
SPD {M k ) k =o,...,T such that M k £ C k , for all k = l, ...,T, called the aggregate SPD. 
For incomplete markets, the budget constraints are more sophisticated than the 
single constraint (|2.2[) arising in a complete market setting. Namely, the budget set 
Bi is composed of all non-negative adapted processes (c k ) k =o,...,T of the form 

n n 

(2-4) c k =4 + £ 4-l4 + 7T fc _i(l + r k )-Y, < S i - Tfc, 
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for all k = 0, ...,T, where (7Tj[.)fc=o,... ) T-i, j = l,...,n, and (4> k ) k =o,...,T-i is a port- 
folio strategy. Notice that (|2.4|) can be rewritten as 



(2.5) c k =e l k + W k -E 



where W k & C kl k — 1,...,T, and Wo = Wt+i = 0, see Section 2 in Malamud and 
Trubowitz (2007). 

3. Optimal Consumption 

The current section is devoted to the derivation of the optimal consumption pol- 
icy of an individual solving the utility maximization problem (|2.1I) in both frame- 
works of complete and incomplete markets. 

3.1. Complete Markets. We investigate the utility maximization problem (|2.1[) 
in the framework of complete markets, as specified in Subsection 2.1. We make 
use of convex conjugates and other related ideas from convex analysis to derive 
an explicit formula for the optimal consumption stream in this setup. As will be 
shown below, there is a link between the utility maximization problem (|2.ip and 
the corresponding unconstrained (allowing negative consumption) version of this 
problem. Hence, we first solve the latter problem. 

Theorem 3.1. Assume thatO < Y^k=o ^K fc£ fe] < 00 an d—oo < — X)fc=o -^K fc l°g£fcL 
for all i = 1, N. Consider the utility maximization problem 

T 

(3.1) sup -e~ Pzk E [exp (-jiC k )] , 

(co,-,cr) fe=Q 

where (c k ) k =o t is an adapted process that satisfies the equation \2.2\l . Then, 

there exists a unique solution given by 

(3.2) ^ = c\ (A) := i (log - Pi k - log (6 

for all k — 0, ...,T, where X is a positive real number specified uniquely by the 
equation 

(3.3) ±J2E a(log(f ) -Pik- log (&))] =^B[&4]- 
n k=0 L V \ A / J \ h _ n 



k=0 



Proof of Theorem l3.ll First, observe that the function : R++ — > R, /i(A) = 
Y^k=o E [£fc (l°g — Pi^ — log (£fc))] is strictly monotone decreasing with lim A ^ + 
fi{\) = oo and lim^oo /i(A) = —oo. Therefore, there exists a unique solution A 
for equation (|3.3|) . Next, consider the Legendre transform Vi(y) : R++ — > R of the 
function — e HX with the domain of definition R : 

Vi(y) = sup (-e~ 7ia; - xy) . 
xem. 
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Denote h{y) := ^- log ^, and note that Vi(y) 
get 



or equivalently 



-e _w *e -7 



-e t* j <W — Ii(y)y. Therefore, we 
Vi (A> fc £ fc ) > -e- 7lCfc - A> fc £ fcCfc , 



for all J-fc— measurable random variables c^. In particular, we have 

T 



k=0 



Ck 



fc=0 fc=0 

for all adapted processes (ck)k=o,...,T such that X)fc=o K fcCfc ] < 00 • Thus, we 
conclude the existence of an optimal consumption stream of the form (|3.2p . be- 
cause the last term disappears due to (|2.2I) . Uniqueness follows from the inequality 
Vi(y) > —e~ liX — xy, which holds for all x 7^ h{y). □ 

Next, we return to the treatment of the utility maximization problem with non- 
negative consumption policies. 

Theorem 3.2. Assume that Y^k=o ^ [£k e fc] ^ 0- Then, the constrained utility max- 
imization problem h2.1\) in the setting of a complete market admits a unique solution 
given by 

(3-4) 4 = (4(A*)) + = ^ (log (£) - Pl k - log(6)) + , 

where the constant A* is determined as the unique positive solution of the equation 

( 3 - 5 ) -^E&(iog(|)-M-iog(a)) = I>[&4]- 



fe=0 



fe=0 



We first prove the following auxiliary lemma. 

Lemma 3.3. Denote h{y) = ~ (log f^fll > anc ' consider the function ip l : 
K ++ M + defined by 

T 

V*(A) = J> [^(Ae^fc)] ■ 

fe=0 

Then, V ;i (A) is a decreasing continuous function of the following form: if ip l (b) > 
/or some b 6 R++, £/jen "0 4 ( a ) > ^(b) for all < a < 6. Furthermore, 
lim A ^ + ip*W = 00 arl ^ li m A-i-oo ^(A) = 0. 
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Proof of Lemma 13.31 First observe that E [£,kh(c£,k)} < oo for all c > since 

1 



li 



ik log 



< 1/c, 



which follows from the fact that logi < t, for all t > 1. This shows that 
is well defined for all A G Next, we prove that ip l is continuous. Let A„ 

be a sequence such that A„ t A, hence, linin-^oo £feI;(A„ e Plfe £ fc ) = 6c^(Ae pifc £ /c ), 
P— a.s, and thus the dominated convergence theorem implies that lim n _ i . 00 -0 1 (A„) = 
ip l {X). The same argument holds for a sequence A„ ! A. Now, we treat the limits. 
Consider an arbitrary increasing sequence A n — > oo, then, £fcij(A n e Pi — > and 
£fc-fi(Aie Pife £fc) > ^fe/i(A n e Pifc ^fe), for all n. Therefore, the dominated convergence 
theorem implies that limn-^ ip l (X n ) — 0. Next, pick an arbitrary sequence A„ J, 
and note that limn^oo ^fc/ i (A„e Pife ^fc) = oo, P— a.s. Therefore, Fatou's lemma 
implies that 

lim inf E [^ k I(X n e pk ^)] > E [liminf &/(A„e pfe &) 

This shows that lim / \_j. + ^'(A) = oo. Next, note that A h-> E [£kli (Ae Pife £fc)] is a 
decreasing function for each k = 1,...,T since 7j is decreasing. Therefore, ip l (X) 
is decreasing. Finally, assume in a contrary that ip l (b) > and ^(a) = ip l (b), 
for some a < b. By the previous observations, it follows that E [^kh (ae P4,c £fc)] = 
E[^kh (be p * k £ k )] , for each k = 0, ...,T. By definition, I t is a strictly decreas- 
ing function on the interval (0,7*], thus J, (be Pik ^k) < h (ae Pik ^k) , on the set 
{be Pik tik < li}- Since ^(b) > 0, it follows that there exists some k € {0,...,T} 
such that P [be p > k £k < 7i] > 0. This is a contradiction, since {be Pih £,k < 7i} ^ 
{ae Pik £k < 7^}, and thus 



{ftePi fc ^< 7l } 



< £ 



ik 



1 



{&e« fc £ fc <7i} 



finishing the proof. □ 



Proof of Theorem 13.21 First, observe that Lemma T3.3I yields the existence of a 
unique solution to equation (|3.5|) denoted by A* > 0. Next, consider the Legendre 
transform of the function — e~ liX with the domain of definition M + : 

Vi(y) = sup (-e~^ x - xy) , 

for all y > 0. Note that v,(0) = and recall that I t {y) = j- (log^-) + . Ob- 
serve that -§^{ui{x) — xy) — 7ie~ 7iX — y. Therefore, if y < ji, then Vi{y) = 

m 8 f log (jf)j - % lo S (j) ■ If V > 7<i then w »(y) = Thus > we can rewrite 

Vi(y) = Ui(Ii(y)) — Ii(y)y. The rest of the proof is identical to the one of Theorem 
13.11 and thus omitted. □ 
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For a sufficiently large level of endowments, and under some boundness assump- 
tions on the SPD, the optimal consumption stream is strictly positive, and hence, 
in particular, coincides with the optimal consumption streams corresponding to the 
setting of unconstrained exponential utility. 

Corollary 3.4. Assume that < C and e| > ^ (tog (^j + p t (T - kU , P—a.s., 
for all k — 0, ...,T, and some constant C > 0. Then, the optimal consumption 
stream of the i—th agent (see [3.$ ) is strictly positive and given by 

,„ R x i i f Ef= E[^hi4 + log ^i + Pl i)] \ 

(3.6) 4 = - T Frc1 AX*- log & >0, 

for all k = 0, T . 



and observe that 



!< = C p ( (T-fc) > l 



Proof of Corollary |3.4i Fix z = 
for all k — 0, ...,T. Therefore, by applying the same argument as in the proof of 
Lemma [3.3[ one concludes that tp 1 (A) is a strictly decreasing function on the interval 
(0, z). Moreover, note that 



Ck log 



+ Pi (T - k) 



<E^[4a] 



k=0 



by assumption. Therefore, a solution A* to equation p.5[) is attained for some 
A* 6 (0, z), and thus x , > rpP ^l-,r, > 1- I n view of (|3.4p . we obtain that the 



optimal consumption stream admits the form 



1 



toe 



7i 



> 0. 



3, one solves this 



7i - vA*e^ fe 6 
By plugging this back into the budget constraints equation 
equation explicitly and verifies the validity of (|3.6p . □ 

3.2. Incomplete Markets. In the current section we deal with incomplete mar- 
kets (see Subsection 2.2). In this setting, we provide an explicit construction of 
the optimal consumption for the utility maximization problem (|2.ip . The methods 
employed here rely on the Kuhn- Tucker theorem and the notion of aggregate SPD 
(defined in Subsection 2.2) introduced by Malamud and Trubowitz (2007). 

Theorem 3.5. For an investor solving the utility maximization problem i2.1]) in 
an incomplete market, the optimal consumption stream (ck)k=o,...,T is uniquely de- 
termined through the following scheme: 



(3.7) 



Pr 



~ p ' k -f l exp(--f i c k ) + A fe 



k-l 



e Pi (k i) 7i exp(-7 i c fe _i) + A fc _i 
for all k = 1, ■■■,T, where {\k)k=o,...,T is a non-negative adapted process satisfying 

AfcCfe = 0, 
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for all k — 0, ...,T. Here, (Mk)k=o,...,T and Pj~ stand for the aggregate SPD and the 
orthogonal projection on the space Ck, respectively (see Subsection 2.2). 

Proof of Theorem 13.51 Consider the function 

r(TT,4>, Aq,...,At) = 



k=0 



exp 



i=i 



x S 3 k + ^k-i{l + rk) 



k=0 



A, 



3 = 1 



where (j) = (4>k)k=0, 



,T-i)7f = ( 7r fc)fc=o,...T-i, j = l,...,n, is a portfolio strategy 
and Afc £ L 2 (Tk), k = 0, T. Since our probability space is finite, we can employ 
the Kuhn- Tucker theorem. Namely, by differentiating the function l l with respect 
to the partial derivatives c/)fe,7r^,, k — 0, ...,T, j — 1, ...,n, and equalizing the re- 
sulting expression to 0, we get that the optimal consumption stream {ck)k=o,...,T is 
determined by requiring that the process 

(e _Plfe 7,;exp(-7^ fe ) + \k) k=0 ^ T 

is a SPD and A^Cfe = 0, k = 0,...,T, for some non-negative adapted process 
(Afe)fc = o,... l T- Finally, Lemma 2.5 in Malamud and Trubowitz (2007) yields the 
validity of (|3.7p . Uniqueness follows from strict concavity. □ 



Remark 3.1. The Kuhn-Tucker theorem could not be applied directly for complete 
markets, since we allowed for arbitrary probability spaces. 

3.2.1. One-period incomplete markets. We fix T = 1 and consider a market of 
type C, introduced by Malamud and Trubowitz (2007). That is, we assume that 
C\ = 1? (Tii) and thus Pf [•] = E \_-\Hi\ , where Hi is a sigma-algebra satisfying 
J~o C %i C T\. Let Co and c\ denote the optimal consumption stream (we drop the 
index i). As above, Ao and Ai stand for the multipliers. Recall that by (|2.5[) . we 
have ci = e\ + W\, where W\ G C\. Next, by Theorem l3.5l we get 



exp f-7iWi) = 



Mi (jj exp(- 7i cb) + Aq) - E [M \Hi 
e-PijiE [exp (-7*4) |^i] 



hence 
(3.8) 



ci 



— loe 





e" 7 


4 


Hi 




(exp (pi - 7^0) + A ^ 


Mi - ^£ [Ai 


Hi] 
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Now, denote A = exp (pi - 7^0) + A ^, or equivalently c = i log ( A7ie -;, _ Aq 
Recall that AqCq = 0, Aq > and cq > 0. Therefore, we get 



(3-9) c = ^ Hog Q I />, 

Now, we claim that 



+ 



(3.10) ci = — log 

7i 



AMi 



1 



{essm/fe^i |«i]£[e-^ e i |Wi]>AAf 1 } 



1 



log 



7>ei 



1, 



7i \ eSSm/[e^ e i|Hi] / {essm/Ie^'i |«i]£[e-^«i I^JOdlM' 

where essm/[e 7iCl is the essential infimum of the random variable e 7iei condi- 



e-^AUi 



> 



tioned on the sigma-algebra %\. To this end, assume first that e litl E 
XM\. Then, identity (|3.8p yields ci > and thus Ai = 0, since Aici = 0. Thereby, 
we have 

Al =A1 {e^i B [e-7 i 4|K 1 ]< A M 1 }' 

for some J 7 !— measurable non- negative random variable A. Now, the condition 
A1C1 = can be rewritten as 

(3.11) 



log 









i X 






«,J<AM, j 










AMi - ^-E 


Air . 






1 7i 





Hence, if 



essinfle^lHijE 



> AMi 



then ci = ^- log I 'ttt- — ! — - I • On the other hand, we claim that if 



A Mi 



essinf[e^\'H l ]E 



e'^AUx 



< A Mi, 



then 



loe 



V' 



essinf 


e 7 ' e i Hi 




e-T* e 'i |-Hi 




AMi - ^£ 

7 






la/ 

* e i ^i]<AAfi} 1 1 



Assume that it is not the case. It follows that 
/ 

log 



e^E 


e~^i \Hi 




XMi - —E 

1 7i 


Al {e^\E[e-^l\n 1 ]<XM 1 }\' Hl 



>o, 
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and thus by (|3.11|) we get 

A1 { e ^4 

By substituting it back, we get 

essinf[e^\Ui]E e'^YHi 



c i | Wi] <AMi} 



and this is a contradiction, proving the identity (I3.10|) . Finally, let us remark that 
A is derived from the equation cq + E \M\Ci\ = e l + E [Mie|l . 

Remark 3.2. For complete markets, the optimal consumption stream in the con- 
strained case (non-negative consumption) is given in the form of a call-option on 
the unconstrained (possibly negative) optimal consumption stream with a strike be- 
ing equal to zero (see \3.J$ ). In contrast to this, for incomplete markets this relation 
is no longer valid. Indeed, if we allow for negative consumption, one can show that 
the associated unconstrained optimal consumption stream is given by 



c'i = — log 



e^E 



e'^AUx 



A'Mi 



and 



— \ l>. 

It 



logT; 



where the constant A' is determined by the equation c' Q + E [MiCjJ = e L + E [Miejl . 
Thus by comparing it to \3. 9) and i3.10\) , we conclude that the structure of the 
solution presented in the complete setting disappears here. 



4. Equilibrium 

We adapt the notion of a complete market equilibrium as introduced in Subsec- 
tion 2.1 (see Definition 12. ip . In the current section we show that there exists an 
equilibrium under the assumption that all endowments are positive. Moreover, we 
describe the set of all feasible equilibrium SPDs and the associated optimal con- 
sumption policies. For this purpose we introduce the following quantities. For each 
vector (Ai,...,Ajv) € we define 

(4.1) ft(*) = A (A,) (*) = i^b' 

for all i = 1, N and all k = 0, T. For a fixed k = 0, T, let i\{k), jjy(fc) 
denote the order statistics of (3i(k), /3jv(&), that is, {ii(k), ...,iff(k)} = {1, N} 
and ilW (k) < ... < P iN ( k )(k). We set P la{k) {k) = 0, for all k = 0, ...,T. With the 
preceding notations, we denote 

(4.2) n 3 {k) = „/ Ax '(/,•! = £ M/W*))-M/W*» > o. 
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Note that r]o(k) = +00 and r]N(k) = 0, for all k = 0, ...,T. At last, we introduce a 
candidate for the equilibrium SPD 

(4.3) 6(Ai,...,A w ) = 

i=i V«=j V LnV^w/ 



for all k = 0, ...,T. Recall that I t (y) = (log ^ 

Theorem 4.1. Assume that e\ > /or eac/i period k and each agent i, P—a.s. 
Then, every equilibrium SPD is given by (A*, A^)) fc=0 r , where A*, € 
R++ are constants that solve the following system of equations 
(4.4) 

T T 

]T -E [&(Ai, A JV )/ i (A i e« fc Cfc(Ai, Aw))] = [& (^2, A w ) 4] , 

fc=0 fc=0 

/or i = 1, JV. 27ie optimal consumption stream of agent i is given by 
(4.5) ci = I i (\*e»*%(\* 1 ,...,\* N )), 

for all k = 0, T. 



Remark. Theorem 14.11 constitutes a preliminary tool for proving the existence 
of an equilibrium (see Theorem l4.3j) and yields a closed-form characterization of all 
feasible equilibrium state price densities. 

Proof of Theorem 14. li Let (c l k )k=o,...,T denote the optimal consumption stream 
of agent i. Recall that, by (|3.4j) . we have that c\ = 7» (A*e Pife £fc) for some A* > 0. 
Plugging this into the market clearing condition (|2.3|) , we obtain that the following 
holds in equilibrium: 

N 

(4.6) 5>(A* e "- fe 6) =e k , 

i=l 

for all k = 0, ...,T. Here, A*,...,A^ are constants that will be derived from the 
budget constraints in the sequel. Using the explicit form of , this is equivalent to 

\ l/7i" 



N 



i=l 



7i 



e k, 



a further transformation yields, 

N N 
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where ft(fc) = j8{ A * } (Jfe) was defined in (|4.1[) . This is equivalent to 
(4.7) 

JV JV JV 

lW w<fc< ftlwW }+^ 

j=l 1 3 3 ' i=l i=l 



where 



j-1 JV / JV 



= ni'ir ii^w) i/7 ^ 3 «p *e^ ^ ■ ™ . 

The strict-positivity assumption on the endowments implies that e& > 0, P-a.s, and 
thus £fc < Pi N (k) holds P— a.s. Next, for each k = 0, ...,T, we have that 

JV 

4 {/3^_ 1 (* ) (fc)<a<^(fc)(fc)} ~ll 7i expl efeJ {ft 3 ._ lW (fc)<ek<ft 3 .(*)( & )}' 

which implies that the following holds on each set (fe) < £,k < ft (fc)(^)} : 

- n(^(fe)( fc )) (E " i ^ 7i,<fc)/7im<fc)rl ex p - 



Pi,(fe)W; v ~ m=3 -iw --v-v exp [ -— ^ £? 
=3 V ^(=: 

In particular, one checks that < ft. is equivalent to > r?j(fc) and 

/3j 3 _ 1 (fc)(fc) < £fc is equivalent to e fc < r/ 3 -i(k), where, jft(fc) = rjj 1 ''"' N (k) is given 
in (|4.2j) . Now, one revises the above identity in terms of A*, and concludes 
that every equilibrium SPD is of the form (|4.3I) for some A*, A^. At last, observe 
that due to the budget constraints (|2.2j) . in equilibrium, the constants A*,...,A^jy 
solve the system of equations (|4.4j) . This concludes the proof. □ 

The following result is essential for proving an existence of equilibrium. 

Lemma 4.2. For each i = 1,...,N, consider the excess demand function g l : 
-> K defined by 

(4.8) ff i (Ai,...,Aj V ) = 

A * rl E ( E V)4 {K^SkiK 1 , ^n))]~E [£ fe (Ar\ A^)4] ) , 

fc=0 ^ ' 

where £fc(Ai, Ajv) is defined in ^4->ty - Then, the following properties are satisfied: 

(1) Each function <7*(Ai, Ajv) is a homogeneous function of degree 0. 

(2) We have 

JV 

^ / X i g i {X 1 ,...,X N ) = 0, 
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for all (Ai,...,Ajv) S K++. 

(3) Each function g l {X\, Xn) is continuous. 

(4) (i) The following limit holds 

Y\m. g % (X\, \n) = — oo. 
(ii) Each function g % {\\, Xn) is bounded from above. 
Proof of Lemma 14.21 (1) The assertion follows from the identity 



for all c > 0. which holds due to 



and the observations that rj 



(Ai,...,Ajv) 



V 



(cAi,...,cAjv) 
3 



(2) By the construction of the SPDs in the proof of Theorem l4 . 1 1 (see (|4.6p ). it follows 
that c\ = Ii {X~ l e Pik S > k. (A^ 1 , A^, 1 )) satisfies the market clearing condition (|2.3I) . 
for all (A7 , A^ 1 ) G ^++- By changing the order of summation, the claim 
becomes equivalent to 



J2 E 

k=0 



N 



^(Ar 1 , A^ 1 ) V h (Xr^% (X-\ A^ 1 )) - V e 




= 0, 



which follows from the latter observation concerning the market clearing condition. 
(3) Consider some x = (x±, xn) € an d a sequence x m = (x™, x^) € R++ 
such that x m — > x. One checks that the random function £fc(Ai, Ajv) : ~ ^ 
R++ is P— a.s continuous, and hence lim m _ i . 00 £fc(x m ) = £fc(x), and consequently 
lim m ^ oc ^(x m ) ii(x™e Pife £ fe (x m )) = £ k (x)Ii(xie Pik £ k (x)). Therefore, it suffices to 
show uniform integrability in order to obtain L 1 — convergence. Thus, it is enough 
to check that 



sup E 



{^{xm)Ii{xTe pik ^{x m ))f 



< oo 



sup E [(£k(x m )ek) p ] < oo, 



for some p > 1. Since x$ > 0, for all i = 1,...,N, we can assume that there 
exists e > such that x™ > £, for all i = 1,...,N and all m. Therefore, we 
can estimate £fc(x m ) < Ke~ Meh , for all m and some constants K,M > 0. Hence, 
sup^ E [{S, k {x m )e k ) p ] < K P E [e" M P e *e£] < (-^) P . Next, one checks that 



sup E 

rn> 1 



< — p sup E 

% m>i 

< — ~ sup P 1 

7 4 m>\ 



{Uxm)Ii{xTe pik ik{x m ))) P 



x rn e p,k 
x rn ePl k 



Ke- Mt » 



< 



7f \eePi 



K 



where the first inequality follows from the fact that 1 +log£ < t, for alH > 1. This 
shows that g(Xi, Xn) is continuous. 
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(4) (i) For each i = 1,...,N and k = 0,...,T, consider the random function (de- 
pending on uj e fi) f l (k, Ai, Ajv) ■ K++ — > K given by 

f(k, Ax, X N ) = XiUM, .... Ajv) (I, (A ie ' ifc &(Ai, Ajv)) - 4) . 

The claim is equivalent to showing that lim,\ i ->.oo Ai, Ajv)] = — oo. First, 

we show that lim Al ^oo £fc(Ai, Ajv) (7, (A i e Pi ' c ^(Ai, Ajv)) - e l k ) < 0, P-a.s. 
Assume that A^ is sufficiently large so that i — ii(k) and Ai = A^m > max{Ai, 
Ai— i, Aj+i, Ajv}. One checks that limAi-j-oo ??i(fc) = oo. This implies that 

(4.9) lim £fc(Ai,...,Ajv) 

n Q CCm=,'7i,(*)/'y« m (*o) 1 ( Cfc \ -. 

/%) eX P ~ ^JV ~, Mv2(k)<c k <+oo} + 

l =j \ Ei =i l/7i,(*)/ 

E fn45r 7ii(fc,/7sm(fc,rl -pf-=^ — )) i {wW ^<n,_ lW} > o, 

P— a.s. Next, we claim that lrniAi-^ooTi (Aje Pife £fc(Ai, Ajv)) = 0. Indeed, recall 
that 

ii {x^u^-An)) - - log ( 7 ; — i f v 

7 \x ie p*Hk(Xi,...,x N )j { ^ ik( ;i Ajv) >a,} 



and note that, by (|4.9[) . 

1 / * 1 = ° 

is satisfied identically P-a.s, for sufficiently large A^. This yields that 
lim efc(Ai,...,Aj V )(/ i (A i e Pifc 6(Ai,... ) Ajv)) - 4) < 0- 

Now, consider an arbitrary sequence (o n )^ =1 such that a„ — > oo, and denote 
&n = (Ai, Aj_i, a n , Aj+i, Ajv) € The same arguments as in (3) can be 

applied to show that the sequence {^k{b n ) (h (a n e pik ^k(b n )) — e l k ) is uniformly 
integrable. Therefore, 

lim E [/*(&, Ai , Ajv)] 

A.j — >-oo 



= lim Aj.E 

A; — )-oo 



lim ^(Ai, Ajv) (J ( (A 4 e ftfc £ fc (Ai, X N )) - 4) 



This accomplishes the proof of part (i). 

(ii) This follows by the fact that the function h : R ++ —> R given by h(x) 
x((logl/x) + —a) is bounded from above, for any fixed a > 0. □ 



The next statement establishes the existence of an equilibrium. 
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Theorem 4.3. Assume that e\ > for each period k and each agent i, P—a.s. 
Then, there exists an equilibrium. Furthermore, a process (£,' k )k=o,...,T is an equilib- 
rium SPD if and only if £' k = £fe(Aj > — j ^*n) f or some (Aj , A^) G 1^++ that solves 
the system of equations l{4-4\ )- The optimal consumption stream is given by (|4.5|) . 

Proof of Theorem 14.31 By Theorem 14. II it is sufficient to prove that £&(A*, 
A^r) and Ii(X*e Pik ^k(^i, X* N )) is an equilibrium. Therefore, it is left to check that 
the system of equations (|4.4I) has a solution, or equivalently, the system of equa- 
tions ^(Ai, Ajv) = 0, for i — 1,.,.,N (see (14.8[) 1 has a solution. The existence 
of a solution follows by properties (l)-(4) in Lemma 14.21 and fixed point arguments 
similar to those appearing in Theorem 17.C.1 in Mas-Colell et al. (1995). □ 

As will be shown in the next section, the equilibrium SPD is, in general, not unique. 
Nevertheless, when the economy is homogeneous, the utility maximization problem 
is similar to the one in the non-constrained setting for consumption, and in partic- 
ular assures uniqueness. 

Example: Homogeneous Economy. In an economy populated only by agents 
of type i that hold strictly positive endowment streams (e.\.)k=o,...,T, there exists a 
unique (normalized) equilibrium and the corresponding homogeneous SPD process 
{£fe}fc=o,...,T is given by 

= e 7«(4-4)-«fc j 

for all k = 1,...,T. The optimal consumptions obviously coincide with the endow- 
ments: c\ — e\, for all k = 0, ...,T. 

5. Non-uniqueness of equilibrium 

In the present section we show that the equilibrium established in Section 4 is 
generally non-unique. First, we construct a specific example when endowments are 
positive, and then explore the case when endowments may vanish with a positive 
probability and provide some examples. 

5.1. Non-uniqueness with positive endowments. It is evident that the sys- 
tem of equations (|4.4[) is related to the uniqueness of the equilibrium. The sys- 
tem of equations (j4.4[) is somewhat cumbersome in certain aspects: the functions 
£fc(Ai, Ajv) are not differentiable with respect to each variable A^; it might happen 
that (|4.4p has infinitely many different solutions but the equilibrium is still unique; 
the property of "gross substitution" (see Definition 3.1 in Dana (1993b)), which 
would be a sufficient condition for the uniqueness of the equilibrium, is not neces- 
sarily satisfied. The next example demonstrates the existence of multiple equilibria. 
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Example: Non-Uniqueness of Equilibrium. We assume a one period mar- 
ket with Fq = J-\ = {£1,0}. Consider two agents i = 1,2 represented by u\(x) — 
U2(x) = —e~ x and p\= pi = 0. The agents hold different endowments eQ,eJ and 
£o? e i respectively. Let eo and t\ denote the aggregate endowments. By Theorem 
14.11 every equilibrium state price density is of the form 

s v ' wy min{a;,y} f e i< lo g mi n { V"P ^/xy f'°g ^Ul\ <^ 

where x and y are to be determined by the budget constraints. One can check that 
it is possible to rewrite it as 

^y) = \ 7 ^kr^ i£ve-*<x<ye*\ 
{^k iix>ye*K 
The positive arguments x, y solve equations f|4.4[) which take the form: 

(1) log(l/y)l{ y <i} +6(a;,y)log ( -^^ 1 {x« 1 (x,8/)<i} = 4 + e iCi(^,y), 

(2) log(l/a;)l {x < 1} +^i(af,y)log ( z^Jj. 1 {^ 1 ( !B ,»)<i} = 4 +efCi(^,y)- 

Let us note that we work with a normalized state price density, i.e., £o = 1. We 
denote 



and 



h{x,y)=£i(x,y) (bg f * } l {xil(x ,y)<i} 
g(x,y) = flog f -^-i— l Kl(l , t) < 1} 



Observe that 



4 — - if < x < JL - 



= { (log (^) - ej) if ye"- < x < ye-, 

^r(ei-el) ifx>ye ei . 



and that 



-el4r L if0<x<^ r , 

J- e e i a; e e i ' 



9(x, V) = \ ^tj^^ (log (^P 1 ) " e?) if ye~- < * < ye- 
^r(ei-ei) ifx>ye £1 . 
Hence, equations (1) and (2) can be rewritten as 

(!') \og(l/y)l {y < 1} + h{x,y) = el 
(2') log(l/x)l {x < 1} +g(x,y) = eg. 
We are going to define the endowments in a particular way that will yield two 
distinct solutions to (1') and (2'). More precisely, we are going to construct two 
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solutions (xi, t/i ) and (x2, 2/2) such that yi < 1 and < xi < yie~ ei , for I = 1, 2. Set 
e} = e\ 1 e 2tl_1 > e\ and ej < e -1 . We start by treating equation (2'). Consider 
the function h{x) = log(l/a;) — -^-^ on the interval [0, ye~ ei ], for arbitrary y > 0. 
Note that ft' (a) = ^r^- - ±, and hence ft' (a;) > if x < and h'(x) < if 
x > which implies that a; moa; = is a maximum of ft. Furthermore, 2/z (to 
be determined explicitly in the sequel) will satisfy e\ < yi, and this will guarantee 
that the maximum is indeed in the domain of definition of ft, i.e., S [0,?//e _C1 ]. 
Next, note that ft(^r) = log f^r) — 1 > due to the assumption e 2c i _1 > ej. 
Now let 5 > be some small quantity to be determined below. One can pick e 2 , 
such that the equation h(x) = t\ has exactly two solutions x\ and xi (see Figure 
Q} in the interval [^- — 5, + 5]. Now, equation (F) has two solutions denoted by 
yi and 2/2 (depending on ej) corresponding to X\ and £2 that are given by 

( 1 ^ 1\ 

for / = 1,2. Obviously, 2/1,2/2 < 1- It is left to check that maxjee;, ^5-} < yie~ ei , 
for / = 1, 2, that is, 

Since x; S [-?£■ — <5, + <5], it suffices to verify that 

for an appropriate choice of S > and ej. This inequality is equivalent to 

By continuity, it suffices to prove this inequality for 5 = and t\ = 0, which 
becomes e\e < 1, and follows from the assumptions imposed on t\. □ 

5.2. Non- uniqueness with vanishing endowments. In Theorems 14.11 and 14.31 

we have assumed that P(e\. > 0) = 1, for all k = 1, ...,T and all i = 1, N. This 
assumption was crucial for proving that every equilibrium SPD is of the form (|4.3[) . 
It turns out that once this assumption is relaxed, there exist necessarily infinitely 
many equilibria all of the same canonical form. 

Theorem 5.1. Assume that P(e k = 0) > 0, for all k = 0, ...,T and P(Ul =0 {e{ > 
0}) > 0, for all i = 1, ...,N. Then, in the setting of Section 4, there exist infinitely 
many equilibria. Every equilibrium SPD (t;k)k=o,...,T is of the form 

(5.1) 6c(Ai, Xn) = 6c(Ai, X N )l{ ek ^ } + X fe l{ £fc=0 }, 
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Figure 1. Multiple equilibria 



for all k = 1,...,T, where £fc(Ai, Ajy) 
negative J- \ -measurable random variable, 
by the budget constraints 



fc=o 

fori=l,...,N. 



is given by |^73p and is some non- 
The constants Ai,...,Ajv are determined 



± 



E 



Proof of Theorem 15.11 The proof is identical to the proofs of Theorem 14.11 
and Theorem 14.31 apart from a slight modification as follows. Consider equa- 
tion (|4.7|) and note that in the current context this equation admits the form 
lr? /im = 1 on the set let- = 0|, which implies that is of the form 

\<ik >Pi N (.k)\ K )i 

(|5.ip . The rest follows by similar arguments to those found in Section 4. □ 

We illustrate the above phenomenon in the following elementary example. 

Example: Infinitely Many Equilibria. Let (0, F\ 1 P) be a probability space 
where Vl = {uj x ,u 2 }, P({wi}),-P({w 2 }) > 0, F = {f>,0} and T x = 2 n . Consider 
a one period homogeneous economy with an individual represented by the utility 
function u(x) = —e~ x and p = 0. The endowments of the agent are denoted by 
eo and e\. For the sake of transparency, we analyze the following two simple cases 
directly by using the definition of equilibrium rather than by using Theorem l5.ll 
(i) Let eo = and e\ be an arbitrary J 7 !— measurable positive random variable. 
Theorem 13.21 implies that the optimal consumption policies cq and c\ are given by 
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c = - log (1{a>i> + A1{a<i}) and ci = - log (l {A6>1} + A£il {A?1 < 1} ). The mar- 
ket clearing condition cq = and c\ = ei implies that £1 = ^-j— is an equilibrium 
SPD, for all A > 1. Note that the budget constraints of the type (|2.2[) are automat- 
ically satisfied due to the fact that the market clears and due to the homogeneity 
of the economy. We stress out that for the corresponding unconstrained problem 

sup -e~ co - E[e- C1 ], 

(eo.ci) 



where cq € K and c\ € L 2 (J-\) are such that 



Co + Efaci] = e + Efaei], 

there exists a unique equilibrium corresponding to A = f , that is, £i = e - ' 
(ii) Let eo > be arbitrary, ei(wi) > and €±(0)2) — 0. Then, by Theorem [ 
obtain that cq — log(l/A) = eo and c\ — max{log(^-), 0} = ei. It follows that 
A = e~ e °, and that there are infinitely many equilibrium state price densities of 
the form £i(y) = e e °~ ei l{ £l ^o} + yl{ei=o}i f° r every y > e e ° . As in (i), the market 
clearing condition is redundant due to the homogeneity of the economy. □ 

6. Long-run yields of zero coupon bonds 

In the current section we work with an infinite time horizon T — 00. We em- 
phasize that all our results in the context of equilibrium hold in this setting due 
to a specific choice of the aggregate endowment process (see (|6.3p V Denote by 
6c = £fc(Ai, Ajv), k € N the equilibrium SPD (see (|4.3[) ^) . The equilibrium price 
at time of a zero coupon bond maturing at a period t g N is defined by 

(6.1) B* = E[Z t ]. 

Based mainly on Cramer's large deviation theorem, we study the asymptotic be- 
havior (as t — ¥ 00) of the yield of this bond, defined by 

(6-2) - ^f. 

Let us stress that we omit the weights Ai,...,An (in most cases) since they will 
not be crucial when dealing with the corresponding limits. As will be shown in the 
sequel, the long-run behavior of this bond will depend on the agents' characteris- 
tics. Throughout this section we assume that the total endowment process in the 
economy is a random walk with a drift, i.e., 

k 

(6.3) e k =J2 X i, 

j=i 

for all k £ N, where Xq — and X\,Xi, ... are non-negative independent identically 
distributed random variables with a finite mean -E[A"i] > 0. This specification of 
endowments is quite natural in this setting, due to the exponential preferences of 
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the investors. We consider two categories of economies: agents with heterogeneous 
risk-aversion and agents with heterogeneous impatience rates. 

6.1. Heterogeneous risk-aversion. Consider an economy where agents differ 
only with respect to the risk-aversion, that is, 71 < ... < jn, e l k = £k/N, i = 1, N, 
k € N; px = ... = pn = P- Recall (14. ip and note that in the current setting, equa- 
tions (14.41) can be rewritten as 



(6.4) 



OO 

k=0 



00 

[& (log (ft(fc)) - io g 6) + ] = ^ E E K fe£fe ] 



fe=0 



Now, let i,j E {1,...,N} be arbitrary. Notice that the homogeneity of the impa- 
tience rate among agents implies that either < /3j(k), or ft(fc) > (3j(k), for 
all fceN. Therefore, by (|6~4l . we conclude that /?i(fc) < ... < /3 N (k), for all k E N 
and thus ii(k) = I, for all I = 1, iV. Hence, we get (see (|4.2|l ) 

log I ( ^ ' 7j+1 



7j 



j'+i 



7jv 



for all j = 1, AT, and (see (|4"3|) ) 



for all fceN. 



MM 



exp 



1 



{>7j<efc<»?j-l} ' 



Theorem 6.1. In heterogeneous risk-aversion economies, we have 

*1 



log 5* , ^ 

Km = p — log i? 

t— foo t 



exp 



Proof of Theorem 16. li First, we have evidently 



log 5* 



log£ 



< -- 



rrAf f tl \ \^m=l im ) t , \ 

lh=i\\^J exp V ElIiViJ l {m<ct<vo} 



t ~ t 
Next, note that the law of large numbers implies that lim^oo P (a < e t < b) = 0, 
for all < a < b, and lim^oo P (c < et) = 1, for any < c. Therefore, since 
770 = 00, we get 



log£ 



(^2 N ~' 1 ) -1 



for sufficiently large t. It is left to prove that 



logE 1 



lim 

t— >oo 



exp 



( T.£U/ii) l{rtl - !Lt<rio} 



\ogE 



exp 



< 



logB* 
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First, observe that 



lim 

t— ^oo 



exp 



logS 



exp 



> lim — - 

t— >oo 



x 1 



logS 



exp 



E£x 1/7, 



On the other hand, we have 



logS 



GXP (~ 5]lfw ) 1 {"^ e *<''o} 



< 



logS 



exp 



..It VI . 



logS 



exp 



1 {^<X 1 } 



lastly, the dominated convergence theorem yields 



lim — log S 



exp 



1 {^-<x 1 } 



= - log S 



exp 



accomplishing the proof. □ 



6.2. Heterogeneous impatience rates. Consider an economy which is composed 
of agents who differ only with respect to the impatience rates, that is, 71 = ... = 
7w = 7! 4 = £k/N, i = 1,...,N, k = 1,2,...; p N < ... < pi. Let Ai,...,Ajv be the 
weights corresponding to the equilibrium SPD = £&(Ai, Ajv), k £ N. Note 
that there exists if € N such that Aie Plt > .... > X N e pNt , for all t > if. Therefore, 
by recalling (|4.1[) . we get ii(t) = I, for all t > t', and consequently (see (|4.2p and 
flOJ)), we have 

N N N 

(6.5) ^-(*) = - e wam) = - E lQ g(^-A) + - E ^ - 

for all j = 1 , . . . , N, and 

JV 



7 



7 



exp 



Pi 



7 



2V - j + 1 N-j + 1 



c-t 



Xl {Vj(t)<et<r)j-l(t)}' 

for all t > if . Consider the logarithmic moment generating junction of X\ 

A(x) = logS [e AXl ] , 

and denote by 

A*(y) = sup (xy-A(y)), 

£CGR 
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the corresponding Legendre transform of A. We set 

dj = pj + inf A*(x), 

b J =p J - 1 + inf A*(x) 

^(iEf^fe-Pil^Eiljta-i-ft)) 



for j = 2, N, and 



o-i = Pi + inf A*(x). 

^e[^E^ 2 (pi-p ! ).oo) 



We are ready to state now the main result of this subsection. 

Theorem 6.2. In economies with heterogeneous impatience rates, we have 

(6.6) limsup < min {62, &at} , 

t— yoo t 



(llh 



d 



(6.7) liminf > minjai, ...,ajv} • 

t— >oo t 



Proof of Theorem 16.21 Observe that the following inequality is satisfied 



6 < tE^,.^)-^'^ 1 exp (- 1 ((Pi + ... + Piv) * + T7i(*)) 

3=1 V J 

N 

xl {%(t)<e t <%-iW} ^ T^M^^Pl^ft') 1 <%-i(t)}' 
i'=l 

for all t > t'. Denote a,j(t) := (Aj) _1 exp (-/9,-i) l{ % (t)<e t <%_!(«)}■ We have 
lim mi > lim ml 

t— too t t—>oc t 

> liminf log 

t— >oo 



lim inf log 

t— too 



(Nmzx{E{ ai {t)],...,E[a N (t)]}) 
{(m & x{E[a 1 (t)],...,E[a N (t)}}) 1/ \ 



lim inf min < log ( --j- ],..., log 



min < lim inf log [ -r-n ] > •-• > ml1 mI l°g 



Fix an arbitrary e > 0. Next, recall (16.51) and observe that the following inequality 
holds true for each j <G {2, N}. 

(6.8) hminf-^MH = pj + ]imiaf J«* f ^ * < 
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> pj + lim inf 



^ogP (± E^+ito - Pi) - e < < i E^-(Pi-i - Pi) + ^ 



t— foo £ 

> Pj + inf A*(x), 

^[iE^j+i^-fO-e.^ElLiC^-i-pO-H] 

where in the last inequality we have employed Cramer's large deviation theorem 

(see e.g. Theorem 2.2.3 in Dembo and Zeitouni (1998)). Since e > was arbitrary, 

we conclude that 

lim inf _ log ^ (t) > p . + inf A* (a;). 

1 *e[iE{L J+ iO»j-pi).A 

Similarly, we have 

limiDf _tog£?[ 0l (t)] . nf A 

i *e[ii:£L 2 (Pi-w),°°) 

The preceding inequalities combined with f|6 . 8|) prove the validity of (|6.7|) . On the 
other hand, we have 

6(Ai,-..,A w ) > 

7 ^(A J ,..A JV )- (JV ^ +ir exp - — (( Pj + ... + Pw ) i + im - x (t)) 
3=2 \ J-r / 

AT 

Xl {77i(t)<et<%-i(*)} ^TX!^- 1 ) ^^^- 1 ^ 1 {%(t)<«t<') J -i(t)}- 

Finally, by exploiting the preceding inequality, one can use the same arguments as 
in the lower-limit case to obtain inequality (|6.6j) . □ 



7. Precautionary savings 

The current section is concerned with the phenomenon of precautionary savings, 
namely, savings resulting from future uncertainty. When markets are complete, one 
would not anticipate this phenomenon to occur, since in principle, all risks can be 
hedged. Thus we concentrate on incomplete markets. Here, as commonly referred to 
in the literature (see e.g. Carroll and Kimball (2008)), savings should be understood 
literally as less consumption. We consider a one-period incomplete market of type 
C, as in Subsection 3.2.1, and stick to the same notation. The only distinction is the 
particular specification of the random endowment. Let X G L 2 (Fi) be arbitrary 
non-negative random variable. Denote by 

(7.1) ei = ei(e) := — ? — tt, n 

V ' K ' E [e^ x \Hi] 

the endowment at time T = 1 of the agent, for some e € [0,1]. Note that E \ei(e)\Hi\ 
= 1, and ei = 1 in case that X £ L 2 (Hi) or in case that the market is complete 
(i.e., if T\ = Hi). As shown in the next statement, the variance of ei(e) is an 
increasing function of e. 
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Lemma 7.1. The conditional variance on Hi of the random variable ei(e) is an 
increasing function of e, namely, the function 

Var(ei(e)) = E [(ei(e) - E [ei(e)|Hi]) 2 \Ui 

satisfies the inequality 

Var(e 1 (e 1 ))<Var(e 1 (e 2 )), 

P — a.s., for all E\ < £2- 

Proof of Lemma 17.11 First note that 

£[e 2rf |Hi] 



Varie^e)) 



(E [e^\Hx\Y 

We can view Var(ei(e)) : [0, 1] — > L 2 ("Hi) as a curve. Since the probability space 
f2 is finite, the function Var(ei(e)) is differentiable. Furthermore, to complete the 
proof, it suffices to show that the corresponding differential is non-negative. One 
checks that the differentiable is non-negative if and only if 

E [Xe 2eX \Hi] E [e eX \H!] - E [e 2eX \Hi] E [Xe eX \Hi] > 0. 

To see this, consider the measure Q defined by the Radon-Nykodym derivative 

dQ _ e 2eX 
dP ~ E[e 2sX \HiY 

and note that the above inequality is equivalent to 

E Q [X\Hi] E Q [e- eX \Hi] > E Q [Xe- eX \Hi] ■ 

The latter inequality follows from the Fortuin-Kasteleyn-Ginibre (see Fortuin et. 
al. (1971); FGK, for short) inequality, since it can be rephrased as 

[f(X)\Ui] EQ [g(X)\Hi] > EQ [f(X)g(X)\H 1 ] , 

where f{x) = x is increasing and g(x) — e~ ex is decreasing. □ 

According to Lemma 17. 1[ the parameter e G [0, 1] quantifies the degree of income 
uncertainty. More precisely, an increase in e yields an increase in the variance of 
the income but preserves the mean. Therefore, we learn that the un-insurability of 
the income is an increasing function of the parameter e. Now, recall the explicit 
formulas (see fl3.9[) and (|3.10p ) for the optimal consumption stream in the current 
setting. One can show (similarly to Corollary 13. 4|) that by choosing a sufficiently 
large eo (the initial endowment), the corresponding optimal consumption stream 
coincides with unconstrained one and is given by 

(7.2) c (e) = -(log f ' 



7 V \m 
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and 

(? - 3) W = A ( [ £ ) Ml ' J j 

1 , / e~' £ ^ e '>E\e-~' € ^ e '>\Hi]\ ^, . 1 

= - log L r 7 ! 1 + c (e - -p 

j \ Mi J 7 

where A(e) (or equivalently, co(£)) solves uniquely the equation 
(7.4) co(s) + E [Micxie)} = e + E [M x e x (e)\ . 



Now, we are ready to state the main result of the section. 



Theorem 7.2. In the setting of the current section, the precautionary savings 
motive holds true. Namely, Co(e) is a decreasing function ofe. Hence, in particular, 
investors consume less in the present, as the variance of future-income increases. 

Proof of Theorem I7.2i First, it is possible to rewrite the constraint (|7.4[) as 



c {e)(l + E[M 1 ]) + -E 
7 



Mi log E 



a -7ei(e) 



Hi 



= K, 



where K := %E[Mi\ + e Q + i# [M x logMi] is a constant not depending on e. 
Obviously, co(e) is a diffcrcntiablc function ofe. By differentiating the above identity 
with respect to e, we get 

E [ e -^ s )^\U x ] 



dc _ 1 
de ~ 1 + E [Mi] 



E 



Mi- 



E [e-T e i( £ )|^i] 

where the differential of ei(e) is given by (see (17.11) ) 

ftei 
de 



e eX E \Xe eX 


Hi] 


(E [e^ x 


Ki]) 2 



E [e eX |-Hi] 

Therefore, to accomplish the proof, it suffices to check that 



E 



This boils down to proving that 



-761(e) 



dei 
de 



Hi 



< 0. 



E 



Xe eX e-~i e ^\Hi\ E [e eX \Hi] < E \e-^ l{ ^e eX \H X \ E [Xe eX \Hi] . 



Set a new measure Q given by the Radon-Nykodym derivative 



dQ 



dP ' E[e sX \H x y 

and note that by dividing the preceding inequality by (E \ L eeX \Hi\) 2 , we arrive at 
E Q rx e ^ 7£l(£) |-Hi| < E Q [e^ 7£l(e) |-Hi| E Q [X\Hi] ■ 
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Assume first that e > 0. By ()7.1[) . we have 



X= (log ei(e)+ logS [e EX \Ui]) 1 



e 



Therefore, the required inequality admits the form 



E Q 



e -v^(^)io gei ( e )|Ki] < E Q [e- 7ei(£) |Hil E Q [logei(e)|Hi] , 



which follows by the FGK inequality, as in Lemma \7. II Finally, if e = 0, the proof 
follows from the fact that ei(0) = 1. □ 
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